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Abstract
In this paper, we introduce the generalized Bell representation, and solve a problem of Goldberg that
determine the number of equivalence classes of rational maps corresponding to each critical set, when the
degree is small. Moreover, we consider the homogenization of the space of the critical set, and give simple
expressions of singular loci.
1 Introduction
In [4], Goldberg suggested a problem that determine the number of equivalence classes of rational maps
corresponding to each critical set. This problem is based on her theorem (Theorem 1.3 in [4]), and it is
known that this theorem deeply concern with B. and M. Shapiro conjecture (see [1]).
As a joint work with M. Karima (Kabur Univ.) and M. Taniguchi (Nara Women's Univ.), we solve
a problem of Goldberg when the degree is small (see [2] and [3]). In this paper, after summarizing the
results in [3], we consider the homogenization of this problem and give dening equations of singular loci
such as the exceptional loci or ramication loci explicitly.
A rational map of degree $d$ is a map with the following form,
$R(z)= \frac{P(z)}{Q(z)},$
where $P$ and $Q$ are coprime polynomials with $\max\{\deg P, \deg Q\}=d.$
Denition 1
Two rational maps $R_{1}$ and $R_{2}$ are said to be M\"obius equivalent if there is a M\"obius transformation
$M$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ such that $R_{2}=MoR_{1}.$
Let $X_{d}$ be the set of all equivalence classes of rational maps of degree $d$ , and $X_{d}^{(k)}$ be the set of classes
of rational maps having critical point at $\infty$ with multiplicity $k$ , where $k=0$ means that $\infty$ is non-critical.
Remark 1
A rational map $R$ of degree $d$ has $2d-2$ critical points counted including multiplicity. The set of
critical points of $R$ is invariant under taking a M\"obius conjugate.
For each rational map $R$ of degree $d$ , the multiplicity of critical point at $\infty$ is at most $d-1$ . Therefore,
the space $X_{d}$ is the disjoint union of $X_{d}^{(0)},$ $X_{d}^{(1)},$ $\cdots,$ $X_{d}^{(d-1)}.$
Goldberg showed the following theorem.
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Theorem 2 (Goldberg [4])
$A(2d-2)$-tuple $B$ is the critical set of at most $C(d)$ classes in $X_{d}$ , where $C(d)$ means the d-th Catalan
number $\frac{1}{d}(\begin{array}{ll}2d -2d -1\end{array})$ . The maximal is attained by a Zariski open subset of the space $\hat{\mathbb{C}}^{2d-2}$ of all $B.$
The map $\Phi_{d}$ : $X_{d}arrow\hat{\mathbb{C}}^{2d-2}$ is dened by sending a equivalence class to the set of critical points, and
the restriction of $\Phi_{d}$ to $X_{d}^{(k)}$ is denoted by $\Phi_{d}^{(k)}.$
Then Goldberg's problem (see [4]) is written as follows:
Problem 1
$\bullet$ Describe in detail the ramication sets of the maps $\Phi_{d}.$
$\bullet$ Given a critical set $\alpha$ , determine the number ofpoints in the preimage $\Phi_{d}^{-1}(\alpha)$ .
The critical set is called admissible if every point has multiplicity at most $d-1$ . She also asked in [4]
whether every admissible set in $\mathbb{C}^{2d-2}$ is attained by some rational map of degree $d.$
In the next section, we give the complete answer to these problems for the case of $d=3$ and 4. We
use \risa/asir", a symbolic and algebraic computation system, to obtain the dening equations of the loci
considered.
2 Generalized Bell family
In this section, we summarize the results in ([3]).
First, we give the following extended version of Proposition 5 in [2]. Let $CB_{d}^{(k)}(k=0_{\rangle}1, \cdots, d-1)$




with $Resu1_{z}(\hat{P}, Q)\neq 0.$
Remark 2
If $k=d-1$ , the generalized Bell locus is the family of polynomial maps $CB_{d}^{(d-1)}=\{z^{d}+c_{d-1}z^{d-1}+$
$+c_{1}z\}$ . If $k=0$ , the generalized Bell locus coincides with the Bell locus; $CB_{d}^{(0)}=CB_{d}$ (see [2]).
Proposition 3
For every $R\in CB_{d}^{(k)},$ $[R]$ belongs to $X_{d}^{(k)}$ for every $k$ , and for each element $[S]$ in $X_{d}^{(k)}$ , there is a umque
$R$ in $CB_{d}^{(k)}$ with $[R]=[S].$
Hence, each locus $X_{d}^{(k)}$ has a system of coordinates consisting of coecients of representatives $R$ in
the generalized Bell locus $CB_{d}^{(k)}.$









$R_{d}^{(k)}=\{(c, a, b)\in \mathbb{C}^{2d-2-k}:Resu1_{z}(\hat{P}, Q)=0\},$
which is the locus where $\Phi_{d}^{(k)}$ is not dened. $(In$ other words, $CB_{d}^{(k)} can be$ identied with $\mathbb{C}^{2d-2-k}-R_{d}^{(k)}.)$
Here, we recall the following results in [2].
Proposition 4
The map $\Phi_{2}^{(0)}$ : $CB_{2}^{(0)}arrow \mathbb{C}^{2}-E^{(0)}(2)$ is bijective, and the exceptional locus $E^{(0)}(2)$ is the algebraic curve
dened by $\alpha_{1}^{2}-4\alpha_{0}=0$ . And the map $\Phi_{2}^{(1)}$ : $CB_{2}^{(1)}arrow \mathbb{C}$ is bijective.
2.1 The case of degree 3 and 4
Now, we recall the following results in [2] and [3].
Proposition 5
The ramication locus of $\Phi_{3}^{(0)}$ is $a_{1}=b_{1}^{2}-4b_{0},$ $\Phi_{3}^{(0)}(CB_{3}^{(0)})=\mathbb{C}^{4}-E^{(0)}(3)$ , and $\Phi_{3}^{(0)}$ is 2-valent on the
set of points in $\mathbb{C}^{4}-E^{(0)}(3)$ satisfying that
$\alpha_{2}^{2}-3\alpha_{1}\alpha_{3}+12\alpha_{0}\neq 0, E_{0}\neq 0.$





In case $d=3$ , there remain the cases that $\infty$ is a critical point.
Proposition 6
The ramication locus of $\Phi_{3}^{(1)}$ is given by $c_{1}-2b_{0}=0_{Z}\Phi_{3}^{(1)}(CB_{3}^{(1)})=\mathbb{C}^{3}-E^{(1)}(3)$ and $\Phi_{3}^{(1)}$ is 2-valent
on the the set of the points in $\mathbb{C}^{3}-E^{(1)}(3)$ satisfying that
$3\alpha_{1}-\alpha_{2}^{2}\neq 0, 4\alpha_{1}^{3}-\alpha_{2}^{2}\alpha_{1}^{2}-18\alpha_{0}\alpha_{2}\alpha_{1}+4\alpha_{0}\alpha_{2}^{3}+27\alpha_{0}^{2}\neq 0.$
Here, the exceptional locus $E^{(1)}(3)$ is the algebraic variety dened by
$\{3\alpha_{1}-\alpha_{2}^{2}=0, 9\alpha_{2}\alpha_{1}-2\alpha_{2}^{3}-27\alpha_{0}=0\}.$
Since the map $\Phi_{3}^{(2)}$ : $CB_{3}^{(2)}arrow \mathbb{C}^{2}$ is clearly bijective, we have obtained complete description for the
case that $d=3.$
Now, we summarize the results in the case of degree 4 ([3]).
Proposition 7
















Moreover, for a given $a$ in $\mathbb{C}^{6}-E^{(0)}(4)$ , $b_{1}$ is a solution of algebraic equation of degree 5, and
other coecients are determined $A\cdot omb_{1}$ and $\alpha$ . In particular, $\Phi_{4}^{(0)}$ is 5-valent on the set of points in
$\mathbb{C}^{6}-E^{(0)}(4)$ satisFying $E_{0}^{(0)}\neq 0$ and $D^{(0)}\neq 0.$
Here, $E_{0}^{(0)}=0$ gives the locus where the numerator and the denominator of $R$ has a non-constant















































































The details of the number of preimages are shown in the following Table 1, where $E_{k}^{(0)}(k=0, \cdots , 4)$
mean the coecients of equation
$34828517376r^{5}+5038848E_{4}^{(0)}r^{4}+186624E_{3}^{(0)}r^{3}-864E_{2}^{(0)}r^{2}+16E_{1}^{(0)}E_{0}^{(0)}r-(E_{0}^{(0)})^{2}=0$
obtained by eliminating $b_{2},$ $b_{1},$ $b_{0},$ $a_{2},$ $a_{1},$ $a_{0}$ from the resultant $r=Resu1_{z}(\hat{P}_{)}Q)$ , and each $I_{k}^{(0)}$ means an
algebraic variety that the dening equation is omitted here.
Table 1: The number of inverse images.
If $\infty$ is a simple critical point, we have the following.
Proposition 8
The ramication locus of the map $\Phi_{4}^{(1)}$ is given by
$2c_{1}b_{1}^{3}-(c_{1}^{2}+4b_{0})b_{1}^{2}-(8b_{0}c_{1}+2a_{1})b_{1}+4b_{0}c_{1}^{2}+a_{1}c_{1}+2a_{0}+16b_{0}^{2}=0,$
$\Phi_{4}^{(1)}(CB_{4}^{(1)})=\mathbb{C}^{5}-E^{(1)}(4)$ , and $\Phi_{4}^{(1)}$ is 5-valent on the set of points in $\mathbb{C}^{5}-E^{(1)}(4)$ satisfying $D^{(1)}\neq 0$
and $E_{0}^{(1)}\neq 0$ , where $D^{(1)}$ and $E_{0}^{(1)}$ are given below. Moreover, the exceptional locus $E^{(1)}(4)$ is the

























The details of the number of preimages are shown in the following Table 2, where $E_{k}^{(1)}(k=0, \cdots, 4)$
mean the coecients of equation
$8503056r^{5}-196835E_{4}^{(1)}r^{4}+11664E_{3}^{(1)}r^{3}-864E_{2}^{(1)}r^{2}+256E_{1}^{(1)}E_{0}^{(1)}r-256(E_{0}^{(1)})^{2}=0$


































Table 2: The number of inverse images.
Next, if $\infty$ is a double critical point, we have the following result.
Proposition 9
The ramication locus of $\Phi_{4}^{(2)}$ is given by $c_{1}+3b_{0}^{2}-2c_{2}b_{0}=$ O. $\Phi_{4}^{(2)}(CB_{4}^{(2)})=\mathbb{C}^{4}-E^{(2)}(4)$ , and $\Phi_{4}^{(2)}$ is






Moreover, the dening equation of $E^{(2)}(4)$ is the algebraic variety $de_{JJ}ed$ by
$\{3\alpha_{3}^{2}-8\alpha_{2}=0, \alpha_{3}^{3}-16\alpha_{1}=0, \alpha_{3}^{4}-256\alpha_{0}=0\}.$
The details of the number of preimages are shown in the following Table 3, where $E_{k}^{(2)}(k=0, \cdots, 2)$
mean the coecients of equation
$256r^{3}-3E_{2}^{(2)}r^{2}+18E_{1}^{(2)}r-27E_{0}^{(2)}=0$
obtained by eliminating $b_{0},$ $a_{0},$ $c_{2},$ $c_{1}$ from the resultant $r=Resu1_{z}(\hat{P}, Q)$ , and
$I_{2}^{(2)}=\{108\alpha_{1}^{2}+(-108\alpha_{3}\alpha_{2}+27\alpha_{3}^{3})\alpha_{1}+32\alpha_{2}^{3}-9\alpha_{3}^{2}\alpha_{2}^{2}=0\}\backslash \{E_{0}^{(2)}=E_{1}^{(2)}=0\}.$
$I_{3}^{(2)}=\{8\alpha_{2}-3\alpha_{3}^{2}=8\alpha_{1}-4\alpha_{3}\alpha_{2}+\alpha_{3}^{3}=0\}\backslash \{E_{0}^{(2)}=0\}.$
Table 3: The number of inverse images.
Finally, since the map $\Phi_{4}^{(3)}$ : $CB_{4}^{(3)}arrow \mathbb{C}^{3}$ is clearly bijective, we have obtained complete description
for the case that $d=4.$
For $d=3$ , 4, the complete answer for the problem of Goldberg was obtained.
3 Homogenized Bell family
In the previous section, we see that the generalized Bell locus $CB_{d}^{(k)}$ gives good coordinate system for
the space $X_{d}^{(k)}$ of equivalence classes, for each $k=0$ , ) $d-1$ . In this section, we introduce mother
family of rational maps that gives \coordinate system" without depending on the multiplicity of critical
points at $\infty.$
Considering the composition of
$F(z)= z^{k+1}+c_{k}z^{k}+\cdots+c_{1^{Z}}+\frac{a_{d-k-}-a_{0}}{z^{d-k-1}+bz\cdots+b_{0}}\in CB_{d}^{(k)},$
and linear translation $M(z)=z-\beta$ , we have
$M \circ F(z)=\frac{z^{d}+(b_{d-k-2}+c_{k})z^{d-1}+\cdots+\tilde{a}_{d-k-2}z^{d-k-2}+\tilde{a}_{d-k}z^{d-k}+\cdots+a_{0}}{z^{d-k-1}+\cdots+b_{0}},$
where
$\beta=\sum_{j=0}^{M}c_{j}b_{d-k-1-j} (c_{k+1}=1, M=\min\{k+1, d-k-1$
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Therefore, for $k=0,$ $\cdots,$ $d-1$ , we can use the following family
$MB_{d}^{(k)}:= \{\frac{z^{d}+a_{d-1}z^{d-1}+\cdots+a_{d-k-2}z^{d-k-2}+a_{d-k}z^{d-k}+\cdots+a_{0}}{z^{d-k-1}+\cdots+b_{0}}\},$
instead of the generalized Bell locus $CB_{d}^{(k)}$
Let $HB_{d}$ be the family of rational maps of degree $d$ consisting of all $P/Q$ , for
$P(z)=z^{d}+(1-b_{d-1})a_{d-1}z^{d-1}+(1-(1-b_{d-1})b_{d-2})a_{d-2}z^{d-2}+\cdots$
. . . $+(1-(1-b_{d-1})\cdots(1-b_{1})b_{0})a_{0},$
$Q(z)=b_{d-1}z^{d-1}+\cdots+b_{0},$
with $Resu1_{z}(P, Q)\neq 0$ , where coecient parameters are given as elements of projective spaces, $(b_{d-1}$ :
. : $b_{0})\in \mathbb{P}^{d-1}(\mathbb{C})$ and $(1 : a_{d-1} :. . . : a_{0})\in \mathbb{P}^{d}(\mathbb{C})$ .
Moreover, we dene $HB_{d}^{(k)}(k=0, \cdots, d-1)$ are the classes of rational maps with $k$-ple critical point





For each $k$ , the coecient $a_{d-k-1}$ of each $ra$tional map in $HB_{d}^{(k)}$ is vanished. Therefore, we have
$HB_{d}^{(k)}\cong\{(b_{d-k-2)}\cdots, b_{0}, a_{d-1}, \cdots , a_{d-k-2}, a_{d-k}, \cdots , a_{0})\in \mathbb{C}^{2d-2-k}:Resu1_{z}(P, Q)\neq 0\}$
Moreover, $HB_{d}$ is the disjoint union of $HB_{d}^{(0)},$ $\cdots,$ $HB_{d}^{(d-1)}$
Rom the above argument, we have
Theorem 10
For every $R\in HB_{d}^{(k)},$ $[R]$ belongs to $X_{d}^{(k)}$ for every $k$ , and for each element $[R]$ in $X_{d}^{(k)}$ , there is a unique
$R'$ in $HB_{d}^{(k)}$ with $[R']=[R].$
Hence, for each locus $X_{d}^{(k)}$ has a system of coordinates consisting of coecients of representatives $R$
in $HB_{d}^{(k)}$





3.1 The case of degree 3
Recall that a rational map in $HB_{3}$ has following form,
$R(z)= \frac{z^{3}+(1-b_{2})a_{2}z^{2}+(1-(1-b_{2})b_{1})a_{1}z+(1-(1-b_{2})(1-b_{1})b_{0})a_{0}}{b_{2}z^{2}+b_{1}z+b_{0}}.$
Theorem 11
$\hat{\Phi}_{3}(HB_{3})=\mathbb{P}^{4}(\mathbb{C})-\hat{E}(3)$ and $\Phi_{3}(HB_{3})$ is 2-valent on the the set $oI$ the points in $\mathbb{P}^{4}(\mathbb{C})-\hat{E}(3)$ satisfying
that






Here, the exceptional locus $\hat{E}(3)$ is the algebraic variety dened by
$\hat{E}(3)=\{108\alpha_{4}^{2}\alpha_{1}^{2}+(-108\alpha_{4}\alpha_{3}\alpha_{2}+27\alpha_{3}^{3})\alpha_{1}+32\alpha_{4}\alpha_{2}^{3}-9\alpha_{3}^{2}\alpha_{2}^{2}=0,$
$3\alpha_{3}\alpha_{1}-\alpha_{2}^{2}-12\alpha_{0}\alpha_{4}=0, -27\alpha_{4}\alpha_{1}^{2}+27\alpha_{3}\alpha_{2}\alpha_{1}-8\alpha_{2}^{3}-27\alpha_{0}\alpha_{3}^{2}=0\}$ . (4)
Proof The map $\hat{\Phi}_{3}$ is dened by







The map $\hat{\Phi}_{3}$ is not dened if and only if the coecients of $R$ satisfy the following condition,















And we can also check that the other coecients $a_{0},$ $a_{1},$ $a_{2}$ are uniquely determined by $\alpha$ and $(b_{2} : b_{1} : b_{0})$ .
Therefore, $\#\hat{\Phi}_{3}(\alpha)^{-1}=2$ except for
Discr(q) $=3\alpha_{3}\alpha_{1}-\alpha_{2}^{2}-12\alpha_{0}\alpha_{4}=0$ . (7)






Here, the exceptional locus $\hat{E}(3)$ corresponds to the condition that this equation has $0$ as unique solution.





and can be simplied as (4).
Let $\hat{E}_{0}(\alpha)$ be the constant term of (8). The locus $\hat{E}_{0}(\alpha)=0$ corresponds to the condition that the
equation $(8\rangle has 0 as one of$ solutions. Then, $\#\hat{\Phi}(\alpha)<2$ on the locus $\hat{E}_{0}(\alpha)=0.$
Moreover we can check that the equation
$\alpha_{4}z^{4}+\alpha_{3}z^{3}+\alpha_{2}z^{2}+\alpha_{1}z+\alpha_{0}=0$
has a solution of multiplicity at least 3 if and only if $\alpha$ belongs to $\hat{E}(3)$ . 1
Now, we investigate in detail about the structure of the map $\hat{\Phi}_{3}.$
$\bullet$ On the ane -space $U_{4}$ :
On the space, $U_{4}=\{(1 : \alpha_{3} : \alpha_{2} : \alpha_{1} : \alpha_{0})\}\cong \mathbb{C}^{4}\subset \mathbb{P}^{4}(\mathbb{C})$ , the ramication locus (7) and the
degeneration locus $\hat{E}_{0}(\alpha)=0$ are written by
$3\alpha_{3}\alpha_{1}-\alpha_{2}^{2}-12\alpha_{0}=0$ and $\hat{E}_{0}(1, \alpha_{3_{\rangle}}\cdots, \alpha_{0})=0,$
respectively. Moreover, the exceptional locus is written by
$\hat{E}(3)\cup U_{4}=\{108\alpha_{1}^{2}+(-108\alpha_{3}\alpha_{2}+27\alpha_{3}^{3})\alpha_{1}+32\alpha_{2}^{3}-9\alpha_{3}^{2}\alpha_{2}^{2}=0, -3\alpha_{3}\alpha_{1}+\alpha_{2}^{2}+12\alpha_{0}=0\}.$
and we can check that this algebraic variety coincides with the algebraic variety $E^{(0)}(3)$ in Proposition
5.
$\bullet$ On the hyperplane $H_{3}=\{(0:\alpha_{3}:\cdots : \alpha_{0})\}\cong \mathbb{P}^{3}(\mathbb{C})$ :
12
-On the ane -space $U_{3}$ :
On the space $U_{3}=\{(0:1 : \alpha_{2} : \alpha_{1} : \alpha_{0})\}\cong \mathbb{C}^{3}$ , the ramication locus (7), the degeneration locus






respectively. And the last algebraic variety is coincides with the algebraic variety $E^{(1)}(3)$ in Propo-
sition 6.
-On the hyperplane $H_{2}=\{(0:0:\alpha_{2}:\alpha_{1}:\alpha_{0})\}\cong \mathbb{P}^{2}(\mathbb{C})$ :
$*On$ the ane 2-space $U_{2}$ :
On the space $U_{2}=\{(0:0:1 : \alpha_{1} : \alpha_{0})\}\cong \mathbb{C}^{2}$ , Discr(q) $=-1,$ $E_{0}(\alpha)\equiv 0$ and
$\hat{E}(3)\cup U_{2}=\emptyset.$
This fact is coincides with the result that $\Phi_{3}^{(2)}$ is bijective.
$*On$ the hyperplane $H_{1}=\{(0:0:0:\alpha_{1}:\alpha_{0})\}\cong \mathbb{P}^{1}(\mathbb{C})$ :
On the hyperplane $H_{1}$ , each rational map is non-admissible, because
$\hat{E}(3)\supset H_{1}.$
The above result can be summarized as following Tables 4 and 5.
the critical sets of all rational
The ane space $U_{4}\supset$ functions that $\infty$ is non-critical
The space of
critical sets $U_{3}\supset$ { $\infty$ is simple critical"}
$\mathbb{P}^{4}(\mathbb{C})\supset\{\alpha\}$ $H_{3}=\mathbb{P}^{3}(\mathbb{C})$ $U_{2}\supset\{(\infty$ is double critical"}
$H_{2}=\mathbb{P}^{2}(\mathbb{C})$
$H_{1}=\mathbb{P}^{1}(\mathbb{C})$ non-admissible
Table 4: Construction of the map $\hat{\Phi}_{3}$
Table 5: The numbers of backward images.
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